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Abstract. We study the specification property and infinite topological entropy for two specific types of

linear operators: translation operators on weighted Lebesgue function spaces and weighted backward shift

operators on sequence F -spaces.

It is known, from the work of Bartoll, Mart́ınez-Giménez, Murillo-Arcila, and Peris, that for weighted

backward shift operators, the existence of a single non-trivial periodic point is sufficient for specification.

We show this also holds for translation operators on weighted Lebesgue function spaces. This implies, in

particular, that for these operators, the specification property is equivalent to Devaney chaos. We show that

these forms of chaos (unsurprisingly) imply infinite topological entropy, but that (surprisingly) the converse

does not hold.

1. Introduction

There are numerous ways to define what it means for a topological dynamical system to be chaotic. Per-

haps the most widely used definition of chaos, now called Devaney chaos, is given by Devaney in [10]. Another

is positive topological entropy, a topological invariant introduced by Adler, Konheim, and McAndrew [1].

Stronger than both of these is the specification property. It was introduced by Bowen in [9], and since then,

this property and its variations have been studied extensively in the context of topological dynamics and

ergodic theory. Some recent examples include [15, 14, 16, 20]. A thorough presentation of the various forms

of the specification property and their implications is given in [13].

While all of these forms of chaos were originally defined in terms of continuous functions on compact metric

spaces, each has now been studied in the context of continuous linear operators on vector spaces. Many of

the results regarding chaos for linear operators can be found in [12, 7]. In [4], Bartoll, Mart́ınez-Giménez

and Peris present a definition for the specification property for operators on separable Banach spaces. They

go on to prove that for certain linear operators (backward shift operators on Banach sequence spaces), the

specification property is equivalent to Devaney chaos. These results are extended in [3], where the same is

shown for weighted backward shifts on sequence F -spaces. It is also shown in [3] that any operator satisfying

what is called the Frequent Hypercyclicity Criterion (see [6, 8]) has the specification property. Additionally,

the specification property and its relationship with other forms of chaos is studied in [5].

In this paper, we pick up on this train of thought and explore the relationship between the specification

property, Devaney chaos, and infinite topological entropy for certain classes of linear operators. We show in
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Section 3 that any operator satisfying the Frequent Hypercyclicity Criterion has infinite topological entropy.

In Section 4, we show that the specification property is equivalent to Devaney chaos for translation operators

on weighted Lebesgue function spaces. In fact, we show that both of these forms of chaos are equivalent

to the existence of a single non-trivial periodic point (the zero function being a trivial one). It would seem

that every operator of this type is either extremely chaotic (specification) or extremely tame (not a single

nontrivial period point is allowed). However, we also showed, to our own surprise, that, while specification

and Devaney chaos imply infinite topological entropy for these operators, it is possible to have infinite

topological entropy without having these other forms of chaos. The example demonstrating this is presented

in Section 4. Likewise, in Section 5 we show that for weighted backward shift operators on sequence F -spaces,

the specification property and Devaney chaos imply infinite topological entropy, but again are not equivalent

to it.

2. Preliminary Definitions and Theorems

Given a metric space X and a continuous function f : X → X, we let f0 denote the identity function

on X, and for each n ≥ 1, we define fn = f ◦ fn−1. For a point x ∈ X, the orbit of x is defined to be the

set {x, f(x), f2(x), . . .}. We say that f is topologically transitive if for any two open sets U, V ⊆ X, there

exists n ∈ N such that fn(U) ∩ V 6= ∅. If X is a separable Baire space with no isolated points, then f is

topologically transitive if, and only if, there exists a point x ∈ X whose orbit is dense in X [19]. A point

x ∈ X is called periodic if fn(x) = x for some n ∈ N. In this case, the period of x is the smallest natural

number n for which fn(x) = x holds.

Devaney, [10], defines a function f : X → X to be chaotic if it is topologically transitive and the set of

periodic points is dense in X. Devaney also includes a third condition, that f satisfy a sensitive dependence

on initial conditions, but it is shown in [2] that this condition follows from the first two for infinite systems.

We refer to a function satisfying Devaney’s conditions as Devaney chaotic.

A property often associated with chaotic behavior is topological entropy which was first introduced by

Adler et al. [1]. In [9], Bowen presents an equivalent formulation of topological entropy which we use in this

paper.

Definition 2.1. Let X be a metric space, and let K ⊆ X be compact. If ε > 0 and n ∈ N, we say a set

S ⊆ K is (n, ε)-separated if for any x, y ∈ S with x 6= y, we have

max
0≤i<n

d
(
f i(x), f i(y)

)
≥ ε.

We denote the largest cardinality of an (n, ε)-separated subset of K by sn,ε(f,K). Then the topological

entropy of f over K is given by

h (f,K) = lim
ε→0

lim sup
n→∞

1

n
log sn,ε(f,K),
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and the topological entropy of f is

h(f) = sup{h(f,K) : K ⊆ X is compact}.

Bowen also introduces the specification property in [9].

Definition 2.2. Let X be a metric space with metric d, and let f : X → X be continuous. We say that

f has the specification property if for all ε > 0, there exists N ∈ N such that for any s ∈ N, any points

y1, . . . , ys ∈ X, and any integers 0 ≤ a1 ≤ b1 < a2 ≤ b2 < · · · < as ≤ bs which satisfy ai+1 − bi ≥ N for

i = 1, . . . , s− 1, there exists a point x ∈ X which is fixed by fN+bs and, for each i = 1, . . . , s and all integers

n with ai ≤ n ≤ bi, we have d(fn(x), fn(yi)) < ε.

For a continuous function f on a compact metric space, if f has the specification property, then f has

positive topological entropy and is Devaney chaotic [18].

In this paper, we will be concerned with continuous linear operators on separable F -spaces over the field

K ∈ {R,C}. An F -space is a topological vector space with a complete, translation invariant metric, under

which scalar multiplication and vector addition are continuous. The following definition of the specification

property for operators on F -spaces is given in [5].

Definition 2.3. Let X be a separable F -space. An operator T : X → X has the operator specification

property if there exists an increasing sequence (Kn)∞n=1 of T -invariant sets with 0 ∈ K1 and

∞⋃
n=1

Kn = X

such that for each n ∈ N, the map T |Kn
has the specification property (as defined in Definition 2.2.)

If T has the operator specification property, and the T -invariant sets Kn are compact, then it follows

that T is Devaney chaotic and has positive topological entropy. Bartoll et. al. show in [5, Proposition 12]

that even without the compactness of the T -invariant sets, the operator specification property is sufficient

for Devaney chaos.

The following theorem includes well-known results concerning the shift map on finitely many symbols.

Theorem 2.4. Let N ∈ N and consider the space {0, . . . , N − 1}N where {0, . . . , N − 1} has the discrete

topology and {0, . . . , N − 1}N has the induced product topology. Then the shift map σ : {0, . . . , N − 1}N →

{0, . . . , N − 1}N defined by σ[(an)∞n=1] = (an+1)∞n=1 has the specification property and satisfies h(σ) = logN .

3. The Frequent Hypercyclicity Criterion, Specification Property, and Infinite

Topological Entropy

An operator is called hypercyclic if there is a point whose orbit is dense. In [6], Bayart and Givaux

introduce a stronger notion called frequently hypercyclic. An operator T : X → X is frequently hypercyclic
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if there is a point x ∈ X such that for all nonempty open sets U ⊆ X, we have

lim inf
n→∞

card
(
{k ∈ N : T kx ∈ U} ∩ [1, n]

)
n

> 0.

Bayart and Givaux give a sufficient condition for frequent hypercyclicity known as the Frequent Hypercyclic-

ity Criterion. Bonilla and Grosse-Erdmann, [8], give a strengthened version of the criterion. The following

is based on Bonilla and Grosse-Erdmann’s version and can be found in [12, Theorem 9.9 and Remark 9.10].

Theorem 3.1 (Bonilla and Grosse-Erdmann). Let T be an operator on a separable F -space X. If there is

a dense subset X0 of X and a sequence of maps Sn : X0 → X such that, for each x ∈ X0,

(1)
∑∞
n=0 T

nx converges unconditionally.

(2)
∑∞
n=0 Snx converges unconditionally.

(3) TnSnx = x and TmSnx = Sn−mx if n > m.

Then the operator T is frequently hypercyclic.

Any operator satisfying this criterion is also Devaney chaotic and is topologically mixing. (See [12, Propo-

sition 9.11].) In [3], it is shown that operators satisfying this criterion also have the operator specification

property. We add infinite topological entropy to the list of consequences of the Frequent Hypercyclicity

Criterion.

The proof of this theorem is very similar to the proof of [3, Theorem 10.4].

Theorem 3.2. Let T be an operator on a separable F -space X. If there is a dense subset X0 of X and a

sequence of maps Sn : X0 → X such that, for each x ∈ X0,

(1)
∑∞
n=0 T

nx converges unconditionally.

(2)
∑∞
n=0 Snx converges unconditionally.

(3) TnSnx = x and TmSnx = Sn−mx if n > m.

Then T is frequently hypercyclic, has the operator specification property, and has infinite topological entropy.

Proof. Since X is separable, we may suppose that X0 = {xn : n ∈ N} where x1 = 0 and Sn0 = 0 for all

n ∈ N. Let (Un)n be a basis of balanced open 0-neighborhoods in X such that Un+1 +Un+1 ⊆ Un for n ∈ N.

By (1) and (2), there exists an increasing sequence of positive integers (Nn)n with Nn+2−Nn+1 > Nn+1−Nn
for all n ∈ N such that

(?)
∑
k>Nn

T kxmk
∈ Un+1 and

∑
k>Nn

Skxmk
∈ Un+1, if mk ∈ {1, . . . , n}, for each n ∈ N.

We let Bm = {1, . . . ,m} and define the map Φ: ∪∞m=1 B
Z
m → X given by

Φ [(nk)k∈Z] =
∑
k<0

S−kxnk
+ xn0 +

∑
k>0

T kxnk
.

The function Φ is well-defined and Φ|BZ
m

is continuous for each m ∈ N by (?). Then if Km = Φ(BZ
m),

then Km is a compact subset of X, invariant under the operator T . Moreover, Φ|BZ
m

is a conjugacy between
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σ−1|BZ
m

and T |Km . It follows that h(T ) ≥ h(σ−1|BZ
m

) = logm. Since this holds for all m ∈ N, we have that

h(T ) =∞. �

4. Translation Operators on Lpv(R) and Lpv(R+)

We now consider translation operators on weighted Lebesgue function spaces. We show that for this class

of operators too, Devaney chaos is equivalent to the operator specification property, and either of these is

sufficient for infinite topological entropy. We demonstrate however, with Example 4.3, that translation opera-

tors can have infinite topological entropy without being Devaney chaotic or having the operator specification

property.

We define a weight function to be a measurable function v : R+ → R+ such that
∫ b

0
v(x)dx < ∞ for all

b > 0. For each 1 ≤ p <∞ we define

Lpv(R+) =

{
[f ] : R+ → K

∣∣∣ ∫ ∞
0

|f(x)|pv(x)dx <∞
}

where [f ] is the equivalence class defined by the relation f ∼ g if and only if f = g a.e. This is a Banach

space with the norm, defined by

‖f‖ =

(∫ ∞
0

|f(x)|pv(x)dx

)1/p

We consider translation operators defined on such spaces. Given α ∈ R+, we define Tα : Lpv(R+)→ Lpv(R+)

by Tαf(x) = f(x+α). If there exist M ≥ 1 and w ∈ R such that for all t ≥ 0, the weight function v satisfies

v(x) ≤Mewtv(x+ t),

for almost all x ∈ R+, we say that v is admissible. If v is an admissible weight function, then each operator Tα

is continuous. In fact, the family of operators {Tα}α≥0 forms a strongly continuous semigroup of operators.

(See [12, Ch. 7] for an introduction to strongly continuous semigroups of operators.)

Theorem 4.1. Let 1 ≤ p <∞, let v : R+ → R+ be an admissible weight function, and let α > 0. Then the

following are equivalent:

(1) The translation operator Tα : Lpv(R+)→ Lpv(R+) has the operator specification property.

(2) The translation operator Tα : Lpv(R+)→ Lpv(R+) is Devaney chaotic.

(3)
∫∞

0
v(x)dx <∞.

(4) Tα has a nonzero periodic point.

Moroever, if any of these conditions hold, then h(Tα) =∞.

Proof. It is shown in [12, p. 191] that (2) and (3) are equivalent. Moreover, it is clear that (3) implies (4).

We have already noted that every operator with the operator specification property is Devaney chaotic, so

(1) implies (2). It is left to show that (4) implies (3), that (2) implies (1), and that (2) implies h(Tα) =∞.

First, to show that (4) implies (3), suppose that there is a nonzero function f ∈ Lpv(R+) with Tnα f = f

for some n ∈ N. Since v is strictly positive, there exists ε > 0 and a set A0 ⊆ (0, nα) with positive measure
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such that v(x) > ε for all x ∈ A0. For each j ∈ N, let Aj = {x+ jnα : x ∈ A0}, let aj = inf{v(x) : x ∈ Aj},

and choose xj ∈ Aj such that v(xj) < aj + 2−j .

Since Tnα f = f , we have that
∫
Aj
|f(x)|pdx =

∫
A0
|f(x)|pdx for all j ∈ N. This implies that∫

A0

|f(x)|pdx
∞∑
j=0

aj =

∞∑
j=0

aj

∫
Aj

|f(x)|pdx

≤
∞∑
j=0

∫
Aj

|f(x)|pv(x)dx

≤
∫ ∞

0

|f(x)|pv(x)dx <∞.

Therefore
∑∞
j=1 aj <∞, and since v(xj) < aj + 2−j for each j ≥ 0, we have that

∑∞
j=0 v(xj) <∞.

Note that the set D = {xj : x ∈ N} has bounded gaps, so by [17, Lemma 3.2], the fact that
∑∞
j=1 v(xj)

converges, implies that
∫∞

0
v(x) dx converges. Hence (4) implies (3).

Finally, it is shown in [17, Remark 3.5] that (2) implies that Tα satisfies the Frequent Hypercyclicity

Criterion. Hence by Theorem 3.2, if Tα is Devaney chaotic, then Tα has the operator specification property,

and h(Tα) =∞. This means that (2) implies both (1) and h(Tα) =∞. �

We may similarly discuss translation operators acting on

Lpv(R) =

{
[f ] : R→ K

∣∣∣ ∫ ∞
−∞
|f(x)|p v(x)dx <∞

}
where v : R → R+ is measurable and satisfies

∫ b
−b v(x)dx < ∞ for all b > 0. In this case, we define, for all

α ∈ R, Tα : Lpv(R) → Lpv(R) by Tαf(x) = f(x + α), and we say that a weight v is admissible if there is an

M ≥ 1 and a w ∈ R such that for all t ∈ R

v(x) ≤Mewtv(x+ t),

for almost all x ∈ R.

The proof of the following theorem is very similar to the proof of Theorem 4.1.

Theorem 4.2. Let 1 ≤ p < ∞, let v : R → [0,∞) be an admissible weight function, and let α ∈ R, a 6= 0.

Then the following are equivalent:

(1) The translation operator Tα : Lpv(R)→ Lpv(R) has the operator specification property.

(2) The translation operator Tα : Lpv(R)→ Lpv(R) is Devaney chaotic.

(3)
∫∞
−∞ v(x) <∞.

(4) Tα has a nonzero periodic point.

Moreover, if any of these conditions hold, then h(Tα) =∞.

From the pattern of these results we see a dichotomy emerging. It seems that these translation operators

are either very chaotic (having the operator specification property) or very tame (having no periodic functions

other than the zero function), without much room in between these extremes. One might therefore expect
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that infinite entropy is equivalent to the other conditions listed in Theorems 4.1 and 4.2: surely, if there is

a tame-chaotic dichotomy emerging here, then this property should place us squarely on the chaotic side of

it. The following example shows that this is not so.

Example 4.3. There exists an admissible weight function v : R+ → R+ which is not integrable but for

which the operator T1 : L1
v(R+)→ L1

v(R+) has infinite entropy.

Proof. Define v : R+ → R by

v(x) =

1, 0 < x ≤ 1,

1
x , x > 1.

Let A =
∏∞
i=1{1, . . . , 2i

2}. We define a function Φ: A → L1
v(R+) as follows: for i ∈ N, we partition the

interval [i2, i2 + 1] into 2i
2

intervals of the form [i2 + (j− 1)2−i
2

, i2 + j2−i
2

] where j ∈ {1, . . . , 2i2}. Then for

(ni)
∞
i=1 ∈ A, we set

Φ [(ni)
∞
i=1] =

∞∑
i=1

2i
2

χ[i2+(ni−1)2−i2 ,i2+ni2−i2 ].

First, to see that Φ is well-defined, let (ni)
∞
i=1 ∈ A, and let f = Φ[(ni)

∞
i=1]. Then for any i ∈ N, we have∫ i2+1

i2
f(x)dx = 1,

and for all x /∈
⋃∞
i=1[i2, i2 + 1], f(x) = 0. Thus∫ ∞

0

|f(x)| v(x)dx ≤
∞∑
i=1

1

i2
<∞,

so f ∈ L1
v(R+).

Now, the set A is compact, and Φ is continuous, so Φ(A) is a compact subset of L1
v(R+). To show that

T1|Φ(A) has infinite entropy, let 0 < ε < 2 and n ∈ N. Set

S =

(
n∏
i=1

{1, . . . , 2i
2

}

)
×

( ∞∏
i=n+1

{1}

)

Then Φ(S) is an (n2, ε)-separated set for T1. To see this, let f, g ∈ Φ(S) with f 6= g. Let i be the first

natural number such that f and g are not equal over the interval [i2, i2 + 1]. (Note that i ≤ n.) Then T i
2

1 f

and T i
2

1 g are not equal over the interval (0, 1]. This implies that∥∥∥T i21 f − T i
2

1 g
∥∥∥
L1

v(R+)
≥

∫ 1

0

|f(x+ i2)− g(x+ i2)|v(x)dx

=

∫ 1

0

|f(x+ i2)− g(x+ i2)|dx

= 2

> ε.
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Now the cardinality of Φ(S) satisfies

card [Φ(S)] =

n∏
i=1

2i
2

= 2(2n+1)(n+1)n/6 ≥ 2n
3/3.

Therefore we have that

h(T1) ≥ lim
ε→0

lim sup
n→∞

1

n2
log 2n

3/3 =∞.

�

5. Sequence Spaces

Next we examine weighted backwards shift operators on sequence F -spaces. Like the translation operators

discussed in Section 4, for these operators, the operator specification property is equivalent to Devaney chaos,

and either of these conditions implies infinite topological entropy.

Let N ∈ {N,Z}. A basis (en)n∈N for the space X is called an unconditional basis if every point in X can

be represented by an unconditionally convergent sequence
∑
n∈N xnen. Given a sequence w = (wn)n∈N of

scalars, we define the weighted backward shift Bw : X → X for x =
∑
n∈N xnen by

Bwx =
∑
n∈N

wn+1xn+1en.

More specifically, if N = N, this is called the unilateral backward shift, and if N = Z, this is called the

bilateral backward shift.

It is shown in [3] that for weighted backward shifts, the operator specification property is equivalent to

Devaney chaos.

Theorem 5.1 (Bartoll et al.). Let Bw : X → X be a unilateral weighted backward shift on a sequence F -space

X in which (en)∞n=1 is an unconditional basis. Then the following conditions are equivalent:

(1) Bw is Devaney chaotic.

(2) The series
∞∑
n=1

(
n∏
v=1

wv

)−1

en

converges in X.

(3) Bw has a nonzero periodic point.

(4) Bw has the operator specification property.

Theorem 5.2 (Bartoll et al.). Let Bw : X → X be a bilateral weighted backward shift on a sequence F -space

X in which (en)n∈Z is an unconditional basis. Then the following conditions are equivalent:

(1) Bw is Devaney chaotic.

(2) The series
0∑

n=−∞

(
0∏

v=n+1

wv

)
en +

∞∑
n=1

(
n∏
v=1

wv

)−1

en

converges in X.
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(3) Bw has a nonzero periodic point.

(4) Bw has the operator specification property.

In the proofs of these theorems, the authors construct a nested sequence of compact sets (Km)m such that

Bw|Km is conjugated to the shift map on a Cantor set of the form {z1, . . . , zm}N. This is done in much the

same way as in the proof of Theorem 3.2. We may use this same construction to show that the topological

entropy of Bw is at least logm for every natural number m, so it must be infinite.

Theorem 5.3.

(1) Let Bw : X → X be a unilateral weighted backward shift on a sequence F -space X in which (en)∞n=1 is

an unconditional basis. If any of the equivalent conditions from Theorem 5.1 hold, then h(Bw) =∞.

(2) Let Bw : X → X be a bilateral weighted backward shift on a sequence F -space X in which (en)n∈Z is

an unconditional basis. If any of the equivalent conditions from Theorem 5.2 hold, then h(Bw) =∞.

Specific examples of these weighted backward shifts can be found in the backward shift operators on

weighted Banach sequence spaces. If v = (vn)∞n=1 is any sequence of positive real numbers satisfying

supn∈N vn/vn+1 <∞, then for each 1 ≤ p <∞, we define the space

lpv(K) =

{
(xn)∞n=1 ∈ KN :

∞∑
n=1

|xn|pvn <∞

}
.

We define the backward shift operator B on lpv(K) by B(xn)∞n=1 = (xn)∞n=2. Note that the definition of lpv(K)

and the backward shift are analogous to the definitions of Lpv(R+) and the translation operators on that

space.

Because these backward shifts are a special case of the weighted backward shifts discussed in Theorem 5.1,

we have a characterization for the operator specification property and Devaney chaos. That characterization

was originally presented in [4].

Theorem 5.4 (Bartoll et al.). Let v = (vn)∞n=1 be an admissible weight sequence, and let 1 ≤ p <∞. Then

the following are equivalent for the backward shift operator B on lpv(K).

(1) B has the operator specification property.

(2) B is Devaney chaotic.

(3)
∑∞
n=1 vn <∞.

Due to Theorem 5.1, we may add the existence of a nonzero periodic point to the list of equivalent

properties, and from Theorem 5.3, we may conclude that any of these properties imply the backward shift

has infinite topological entropy. Just as with the translation operators in Section 4 though, infinite topological

entropy is not equivalent to Devaney chaos and the operator specification property.

We cannot simply adapt Example 4.3 to this context however, so we present the following example of a

nonsummable weight sequence such that the backward shift has infinite topological entropy.



10 W.R. BRIAN, J.P. KELLY, AND T. TENNANT

Example 5.5. There is an admissible weight sequence v = (vn)∞n=1 whose sum diverges such that the

backward shift B on l1v(K) has infinite topological entropy.

Proof. We begin be constructing two sequences of sets. Let P1 = {1} and Q1 = {2, . . . , 10}. Now suppose

that Pj and Qj have been defined for some j ∈ N, and let qj = maxQj . Then we define Pj+1 = {qj +

1, . . . , qj + (j + 1)2} and Qj+1 = {qj + (j + 1)2 + 1, . . . , qj + 10(j + 1)2}.

For example, we have

P2 = {11, 12, 13, 14},

Q2 = {15, . . . , 50},

P3 = {51, . . . , 59}, and

Q3 = {60, . . . , 140}.

From this construction, we have that if N ∈ N, and M = maxQN , then

card
(⋃N

j=1Qj

)
M

= 0.9.

Now we define the weight sequence v = (vn)∞n=1. If n ∈ Pj for some j ∈ N, then let vn = 1/j2. If n ∈ Qj
for some j ∈ N, then let vn = vn−1/2. The first terms of the weight sequence are as follows:

v1 = 1

v2 =
1

2

v3 =
1

22

...

v10 =
1

210

v11 =
1

4

...

v14 =
1

4

v15 =
1

4
· 1

2

...

v50 =
1

4
· 1

236

Note that maxn∈N vn/vn+1 = 2, so the backward shift B on l1v(K) is continuous.

For each j ∈ N, the cardinality of Pj is j2, and vn = 1/j2 for all n ∈ Pj . It follows that

∞∑
n=1

vn ≥
∞∑
j=1

∑
n∈Pj

vn =

∞∑
j=1

j2(1/j2) =

∞∑
j=1

1 =∞.

It follows by Theorem 5.4 that B does not have the operator specification property, nor is B Devaney

chaotic. We now show however that h(B) =∞.

Let P =
⋃∞
j=1 Pj , and let Q =

⋃∞
j=1Qj . For each M ∈ N, let

KM =
{

(xn)∞n=1 ∈ l1v(K) : xn = 0 for all n ∈ P, and xn ∈ {0, . . . ,M − 1} for all n ∈ Q
}
.
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First we show that the sequence given by an = 0 for n ∈ P and an = M − 1 for n ∈ Q is in l1v(K). Since

an = 0 for n ∈ P , we have that

∞∑
n=1

anvn =
∑
n∈Q

(M − 1)vn =

∞∑
j=1

∑
n∈Qj

(M − 1)vn.

Recall that the finite sequence (vn)n∈Qj is the geometric sequence 1/(j2 · 2), 1/(j2 · 4), . . . , 1/(j2 · 29j2). In

particular ∑
n∈Qj

(M − 1)vn <
M − 1

j2
,

so
∞∑
n=1

anvn ≤
∞∑
j=1

M − 1

j2
<∞.

Now that it is established that the series
∑
n∈Q(M −1)vn converges, it follows that KM is compact. Now

let 0 < ε < 1. For each j ∈ N, let qj = maxQj . We examine the maximum size of a (qj , ε)-separated set for

B on KM .

Since v1 = 1, if x = (xn)∞n=1 and y = (yn)∞n=1 are in KM , we have that

max
0≤i<qj

‖Bix−Biy‖ ≥ max
1≤n≤qj

|xn − yn|.

Then since ε < 1, we have that if x and y differ in any of the first qj coordinates, then they are (qj , ε)-

separated. Let rj be the cardinality of
⋃j
i=1Qi. Then we have that

sqj ,ε(B,KM ) ≥Mrj .

Recalling that rj/qj = 0.9 for all j ∈ N, we get that

h(B,KM ) = lim
ε→0

lim sup
n→∞

1

n
log sn,ε(B,KM )

≥ lim
ε→0

lim
j→∞

1

qj
log sn,ε(B,KM )

≥ lim
ε→0

lim
j→∞

1

qj
logMrj

= 0.9 logM.

This holds for all M ∈ N, so we get that h(B) =∞.

�
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