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Abstract. Every set can been thought of as a directed graph
whose edge relation is ∈. We show that many natural examples of
sets are indivisible directed graphs: Hκ for every infinite κ, Vλ for
every indecomposable λ, and every countable model of set theory.
All of the countable digraphs we consider are orientations of the
countable random graph. In this way we find 2ℵ0 indivisible well-
founded orientations of the random graph that are distinct up to
isomorphism, and ℵ1 that are distinct up to siblinghood.

1. Introduction

A (directed) graph G is indivisible if every finite coloring of (the
vertices of) G gives rise to a monochromatic copy of G. Roughly, this
property says that G has a robust structure containing many copies of
itself.

If X is a set, then 〈X,∈〉 is a directed graph. In this paper we
show that many “naturally occurring” sets are indivisible as directed
graphs. For example, the set Hκ of sets hereditarily smaller than κ (for
any infinite κ), Vλ for any indecomposable ordinal λ, V itself (assuming
global choice), and all countable models of Kripke-Platek set theory are
indivisible.

We will be interested not just in when a coloring of 〈X,∈〉 gives
rise to a monochromatic copy of 〈X,∈〉, but also in the relationship
between the complexity of the coloring and the complexity of the re-
sulting monochromatic copy.

The countable sets we consider are orientations of the countable
random graph, i.e. directed graphs whose symmetrization is the ran-
dom graph. Even considering only the countable transitive models of
Kripke-Platek set theory, there are 2ℵ0 up to isomorphism and ℵ1 up to
siblinghood (recall that two graphs are siblings if each embeds in the
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other). Thus it is proved that the countable random graph has many
indivisible well-founded orientations.

Our initial interest in indivisible well-founded orientations of the
random graph arises from work on the related notion of pigeonhole
property, as studied in [1], [2], [3], and [5], as well as work on the
indivisibility of the Henson graphs in [6]. The pigeonhole property, a
strengthening of indivisibility, asserts that for every finite partition of
the vertices of a (directed) graph G there is a partition element whose
induced subgraph is isomorphic to G. In the aforementioned papers, it
is shown that there are exactly three orientations of the random graph
with the pigeonhole property (up to isomorphism), and only one of
these is well-founded.

In what follows, subgraph will mean induced subgraph. An embedding
from one (di)graph G into another (di)graph H will mean an injective
function V (G) → V (H), such that the image of V (G) induces a sub-
graph isomorphic to G.

Many of the graphs we will consider have sets as their vertices. No-
tationally, this puts us in an awkward position: we may wish, for exam-
ple, to refer to a collection of three vertices {a, b, c}, but this collection
may itself be another vertex of our graph. To avoid confusion, we will
always use lowercase letters for the vertices of a graph, and uppercase
letters for collections of vertices (though the distinction is often merely
formal). We make one exception to this rule: for a vertex x in the
digraph 〈X,→〉, we write

x↓= {y ∈ X : y → x}

to refer to the set of vertices below x.
Some of our results deal not just with the existence of monochromatic

subsets, but also with the relative complexity of the monochromatic
subset relative to the coloring. To make this precise, we call a pair
〈X, Y,∈〉 a class structure when

• X ∈ Y , and
• If ϕ(x,A) is a first order formula in the language {∈} such that

all quantifiers are bounded by X, and A is a finite collection of
elements of Y , then {a ∈ X : 〈X, Y,∈〉 |= ϕ(a,A)} ∈ Y .

A coloring of 〈X, Y,∈〉 is a map α : X → X such the graph of α
(graph(α)) is in Y .

If C is a collection of colorings of 〈X, Y,∈〉 we say 〈X, Y,∈〉 is C-
indivisible, or indivisible for C if for all f ∈ C there is a monochromatic
A ⊆ X such that A ∈ Y and 〈A,∈〉 is isomorphic to 〈X,∈〉. We say
〈X, Y,∈〉 is indivisible if it is indivisible for the collection of colorings
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for 〈X, Y,∈〉 with range a finite ordinal, i.e. maps from X to {0, . . . , k}
(for some k ∈ ω) whose graph is an element of Y . Note that for any
class of maps C from X to X, 〈X, Y,∈〉 is C-indivisible if and only
if 〈X,PY (X),∈〉 is C-indivisible (where PY (X) is the collection of
subsets of X in Y ). However, despite this, we will still want to allow
elements of Y which are not subsets of X. The reason for this is that
certain closure properties we will want Y to have may require elements
with larger rank than any subset of X can have.

There are several examples of indivisible class structures which will
be important. For any cardinal κ, we say that a (directed) graph G is
κ-indivisible if for every coloring of G with fewer than κ colors, there
is some monochromatic A ⊆ G such that A is isomorphic to G (so,
e.g., an ℵ0-indivisible graph is simply indivisible). Using the notation
above, for any set X, 〈X,∈〉 is κ-indivisible if and only if 〈X,P(X),∈〉
is indivisible for all maps from X into an element of κ.

Next, suppose if (V,Cl,∈) is a model of NBG set theory (with uni-
verse V ) and X ∈ Cl is a proper class. We say X is set-wise indivisible
if for every coloring of X with a set of colors, there is a monochromatic
subclass X∗ of X with 〈X∗,∈〉 and 〈X,∈〉 isomorphic. Or, in the lan-
guage above, 〈X,Cl,∈〉 is indivisible for all functions whose domain is
X and whose range is a set.

There are two properties of class structures and colorings which will
be important later. First, we say a class structure 〈X, Y,∈〉 satisfies
the global axiom of choice if there are Ord, F ∈ Y such that 〈Ord,∈〉
is a linear order and F is a surjective function from Ord to X such
that graph(F ) ∈ Y . In this situation if A ∈ Y and A ⊆ X, we
say an element a ∈ X is the F -minimal element of A if a ∈ A and
(∀a′ ∈ A) F−1(a′) > F−1(a). Second, we say that a class structure
〈X, Y,∈〉 satisfies replacement with respect to a coloring c : X → X if
whenever A ∈ Y and A ⊆ X is such that (∀c ∈ X) f−1(c) ∩ A ∈ X
then A ∈ X. We say 〈X, Y,∈〉 satisfies replacement for a collection of
colorings if it satisfies replacement for each coloring in the collection.

Throughout the paper, unless stated otherwise, we will assume we are
working in a background class structure (V,Cl,∈) such that 〈V,∈〉 |=
Zermelo-Fraenkel set theory and satisfies the global axiom of choice.
For example, (V,Cl,∈) might satisfy NBG set theory.

2. A set-theoretic coloring book

In this section we prove three theorems, each of which says that every
member of a certain familiar class of sets is indivisible. All three proofs
are similar: each exploits a notion of “boundedness” in G to prove that
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some specific color has a nice property, and then this property is used
to drive a recursive construction building a monochromatic copy of
G. We obtain three different results (Theorems 2.1, 2.7, and 2.9) by
varying our notion of boundedness.

Theorem 2.1. Suppose 〈X, Y,∈〉 is class structure where 〈X,∈〉 sat-
isfies Kripke-Platek set theory - Axiom of Infinity.

Then there is a formula η(x) in the language {∈, X} such that

• all quantifiers are bound by X̂,
• whenever χ is a coloring such that 〈X, Y,∈〉 satisfies replace-

ment with respect to g, and
• whenever 〈X, Y,∈〉 satisfies global choice with objects Ord, F

then there exists an c ∈ X such that A = {x ∈ X : 〈X, Y,∈〉 |=
η(x, c, graph(χ), graph(F ),Ord)} ⊆ χ−1(c) and 〈A,∈〉 is isomorphic
to 〈X,∈〉.

In other words η gives us a uniform definition of a monochromatic
subset isomorphic to 〈X,∈〉.

Proof. For each c ∈ X, let Xc = χ−1(c).

Claim. There is some c ∈ X with the following property: if Z ⊆ Xc

and Z ∈ X, then there is some y ∈ Xc such that y↓ ∩Xc = Z.

Proof of claim. If the conclusion of the claim is false, then for each
c ∈ X there is some Z ⊆ Xc with Z ∈ X such that for every y ∈ Xc,
y ↓ ∩Xc 6= Zc. The set of such pairs (Z, c) with this property is
definable (from the graph of χ) and so forms a class in Y . Further we
can form the collection of such pairs (Zc, c) with the property that each
(Zc, c) is minimal, according to F , among pairs whose second element
is c. Let U =

⋃
c∈X Zc be the union of this collection.

Since U ∩ χ−1(c) = Zc for all c ∈ X and (〈X,∈〉, C, Y ) satisfies
replacement with respect to colors, we have that U ∈ X. Let y be the
(unique) vertex of X with y↓= U . There is some c ∈ X with χ(y) = c.
Since y↓ ∩Xc = Zc, this is a contradiction. �

Returning to the proof of the theorem, fix c ∈ X that satisfies the
conclusions of the claim. We will use well-founded recursion to define
an embedding ϕ : X → Xc.

To begin the recursion, pick ϕ(∅) ∈ Xc to be F -minimal. Notice
that our claim implies Xc 6= ∅, because there is some y ∈ Xc with
y ↓ ∩Xc = ∅. For the recursive step, fix x ∈ X and assume ϕ(y) has
already been defined for every y ∈ x↓. By our claim there is element of
Xc such that ϕ(x)↓ ∩Xc = {ϕ(y) : y ∈ x}. Let ϕ(x) be the F -minimal
such element.
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This defines a function ϕ : X → Xc such that

ϕ(x)↓ ∩Xc = {ϕ(y) : y ∈ x}
for all x ∈ X. In particular, we have ϕ(y) ∈ ϕ(x) if and only if y ∈ x
for all x, y ∈ X. The image of ϕ is clearly monochromatic. Further,
the graph of ϕ is clearly definable using only quantification over X.
Therefore the graph of ϕ, and hence also its image, is in Y .

It remains only to show that ϕ is injective. Let x, z ∈ X and suppose
ϕ(x) = ϕ(z). By the previous paragraph, for any y ∈ X we have

y ∈ x ⇔ ϕ(y) ∈ ϕ(x) ⇔ ϕ(y) ∈ ϕ(z) ⇔ y ∈ z.
Since the Axiom of Extensionality is true in X, x = z.

Finally observe that the function ϕ can be defined uniformly by
formula η from F,Ord, c and χ. �

We note that the function ϕ constructed in the previous proof is
simply the inverse of the Mostowski collapse of our monochromatic
copy of X (as indeed it must be).

Recall that for each infinite cardinal κ, Hκ denotes the set of all sets
that are hereditarily smaller than κ. Formally,

X ∈ Hκ ⇔ |X| < κ and X ⊆ Hκ ⇔ ∀Y ∈ TC({X}) |Y | < κ.

Note that some authors define X ∈ Hκ if and only if |TC(X)| < κ (see,
e.g., Definition 6.1 in [10]). This differs from our definition when κ is
singular with cofinality ω.

Corollary 2.2.

(1) 〈Vω,Σω(Vω),∈〉 is indivisible (where Σω(Vω) is the collection of
Σω definable subsets of Vω).

(2) Vω \ Vn is indivisible for any n ∈ ω.
(3) Hκ \Hλ is cf(κ)-indivisible whenever λ < κ.
(4) Vκ is κ-indivisible for any inaccessible cardinal κ.
(5) Assuming the Axiom of Global Choice, V is set-wise indivisible.

Proof. It is immediate that 〈Vω,Σω(Vω),∈〉 is a class structure satisfy-
ing global choice and further that any 〈Vω,Σω(Vω),∈〉 satisfies replace-
ment for every coloring of 〈Vω,Σω(Vω),∈〉 with finite range. Therefore
〈Vω,Σω(Vω),∈〉 satisfy the conditions of Theorem 2.1 with respect to
colorings which have finite range, and so (1) holds.

Next suppose κ is a cardinal, Cκ = {f Hκ → γ, γ < cf(κ)} and
Yκ = V|Hκ|+ω. It is immediate that there is a surjective function |Hκ|
onto κ and that |Hκ| ∈ Yκ, and so 〈Hκ, Yκ,∈〉 satisfies global choice.

Now let f ∈ Cκ and A ∈ Y , A ⊆ X be such that (∀a ∈ Hκ) f
−1(a)∩

A ∈ Hκ. Because of how Cκ was defined we know that the image of f
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is contained in cf(κ). Therefore, as A =
⋃
a∈cf(κ) f

−1(a) ∩ A, we have

A has size < κ and so A ∈ Hκ. Therefore 〈Hκ, Yκ,∈〉 satisfies replace-
ment with respect to every coloring in Cκ. Finally, as 〈Hκ,∈〉 satisfies
Kripke-Platek set theory we have by Theorem 2.1 that 〈Hκ, Yκ,∈〉 is
Cκ-indivisible and so Hκ is cf(κ)-indivisible.

To prove (2) and (3), simply note that each Vω \ Vn is a sibling of
Vω = Hω, and each Hκ \ Hλ is a sibling of Hκ. It is well-known (and
easy to prove) that if two digraphs are siblings, then one is κ-indivisible
if and only if the other is also. For (4), note that Vκ = Hκ when κ is
inaccessible.

For (5) note 〈V,Cl,∈〉 satisfies the global axiom of choice and satisfies
replacement for all colorings α : V → A when A ∈ V . Then (4) follows
from Theorem 2.1. �

Note that Corollary 2.2 (1) gives computational upper bounds on
how computable the copy of 〈Vω,∈〉 must be in any computable (and
indeed arithmetic) coloring, i.e. every such coloring of 〈Vω,∈〉 contains
a monochromatic arithmetic copy of 〈Vω,∈〉. We can ask, if bound is
optimal.

Question 2.3. Is there an arithmetic degree d such that whenever
c : Vω → {0, . . . , k} is a computable coloring, then there is a monochro-
matic copy 〈Vω,∈〉 of Turing degree at most d?

It is worth pointing out that in proof of Corollary 2.2 (3) we used a
notion of class Yκ which was not restricted to subsets of Hκ. The reason
for this was that we wanted to assume our class structure satisfied the
global axiom of choice. However, in general, |Hκ| > κ and so if we were
to restrict our attention to subsets of Hκ there would not be enough
ordinals to order Hκ.

To prove that (V,Cl,∈) is set-wise indivisible we assumed the Axiom
of Global Choice. The Axiom of Global Choice is needed to carry out
the recursion in the proof of Theorem 2.1. We do not know whether V
is always (set-wise) indivisible in the absence of Global Choice.

Question 2.4. If V |= Zermelo-Fraenkel set theory, must 〈V,∈〉 be
indivisible? (with respect to any class structure 〈V,Cl,∈〉).

As a special case of Corollary 2.2(5), we see that if V = L then L is
set-wise indivisible. We do not know whether it is consistent to have
L divisible. Interestingly, the indivisibility of L cannot be changed by
set-sized forcing:
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Proposition 2.5. Suppose that M is a set-wise indivisible class in
(V,Cl,∈), and that V [G] is obtained from V by set-sized forcing. Then
M remains set-wise indivisible in (V [G], Cl[G],∈).

Proof. SupposeM is set-wise indivisible in V , let P be a set-sized notion
of forcing, and let G be a V -generic filter on P. In V [G], a “coloring” of
M is a set C of colors and a formula ϕ(x, y, p), with p some parameter
in V [G], such that if x ∈ M then there is a unique y ∈ C such that
ϕ(x, y, p). For simplicity, and without loss of generality, we assume
that C is a cardinal κ.

Let ṗ ∈ V be a name for the parameter p. For every x ∈M we may
define (in V ) a relation R(x) on P× κ as follows:

(q, α) ∈ R(x) ⇔ q  ϕ(x̌, α̌, ṗ).

Since there are at most 2|P×κ| possible values for R(x), we may view
R as a set-sized coloring of M in V . Therefore there is some B ⊆ M
(definable in V ) on which R is constant, such that 〈B,∈〉 is isomorphic
to 〈M,∈〉.

It follows from our definition of R that B will be monochromatic
in V [G]. Moreover, the assertion that 〈B,∈〉 is isomorphic to 〈M,∈〉
is upwards absolute, so that 〈B,∈〉 and 〈M,∈〉 remain isomorphic in
V [G]. �

Question 2.6. Is L always indivisible?

We now move on to our second indivisibility theorem. Recall that an
ordinal λ is indecomposable if the digraph 〈λ,∈〉 is indivisible (we could
call such ordinals indivisible, but the terminology is already standard).
It is well-known that λ is indecomposable if and only if λ = ωα for
some ordinal α. Analogously, let us say that λ is κ-indecomposable if
〈λ,∈〉 is κ-indivisible.

In the following theorem, we use von Neumann rank rather than
cardinality as our notion of boundedness. Recall that rank(x) denotes
the unique ordinal α such that x ∈ Vα+1 \Vα. More generally, if 〈G,→〉
is a well-founded digraph, we can define a rank function on G by well-
founded recursion:

rankG(x) = sup {rankG(y) + 1: y → x}
for all x ∈ G, and rank(G) = sup {rankG(x) + 1: x ∈ G}.

Theorem 2.7. Vλ is κ-indivisible if and only if λ is κ-indecomposable.

Proof. If λ is not κ-indecomposable, fix a coloring χ : λ→ C, |C| < κ,
such that there is no monochromatic set of order type λ. Now pull
back this coloring via the rank function to obtain a coloring ψ of Vλ:
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i.e., for x ∈ Vλ define ψ(x) = χ(rank(x)). If X ⊆ Vλ is monochromatic
with respect to ψ, then R = {rank(x) : x ∈ X} is monochromatic with
respect to χ and therefore has order type α for some ordinal α < λ. If
γ : R→ α is the canonical isomorphism, it is easy to show by induction
that rankX(x) ≤ γ(rank(x)) for every x. Thus 〈X,∈〉 has rank at most
α < λ. In particular, 〈X,∈〉 is not isomorphic to 〈Vλ,∈〉, which has
rank λ.

For the other direction, suppose λ is κ-indecomposable and fix a
coloring χ : Vλ → C with |C| < κ. For each c ∈ C, let Xc = χ−1(c).
For each α < λ, let Rα = Vα+1 \ Vα denote all the sets of rank α.

Claim. For each α < λ, there is some c ∈ C with the following property:
if Y ⊆ Xc and rank(Y ) ≤ α, then there is some y ∈ Xc ∩Rα such that
y↓ ∩Vrank(Y ) ∩Xc = Y .

Proof of claim. Fix α < λ and suppose the conclusion of the claim
is false. Then, for each c ∈ C, there is some Yc ⊆ Xc such that
rank(Yc) ≤ α, and there is no y ∈ Xc∩Rα with y↓ ∩Vrank(Yc)∩Xc = Yc.
Let X =

⋃
c∈C Yc. Clearly

rank(X) ≤ sup {rank(Yc) : c ∈ C} ≤ α.

Let Y = X ∪ (Vα \ Vrank(X)) (so if rank(X) = α then we just have
Y = X; otherwise we pad X with some extra sets to bring its rank up
to α). Let y be the unique element of Vλ with y ↓= Y . There is some
c ∈ C with χ(y) = c. Since

y↓ ∩Vrank(Yc) ∩Xc = y↓ ∩Vrank(X) ∩Xc = X ∩Xc = Yc,

this is a contradiction. �

For each α ∈ λ, pick some c(α) satisfying the conclusions of our
claim. The map α 7→ c(α) is a coloring of 〈λ,∈〉. Because |C| <
κ and λ is κ-indecomposable, we may fix some c ∈ C such that
{α ∈ λ : c(α) = c} has order type λ. Let γ be the canonical map from
{α ∈ λ : c(α) = c} to λ, so that {γ(α) : α < λ} is an increasing enu-
meration of {α ∈ λ : c(α) = c}. We will use a transfinite recursion of
length λ to define an embedding ϕ : Vλ → Xc. To simplify notation,
let Xα

c = Rα ∩Xc denote all the c-colored sets of rank α.

To begin, pick φ(∅) ∈ Xγ(0)
c arbitrarily (since the conclusions of our

claim hold for Xc at γ(0), X
γ(0)
c 6= ∅). Now suppose ϕ has been defined

on Vα, for some α < λ, and suppose that ϕ(y) ∈ X
γ(rank(y))
c for each

y ∈ Vα. For each x ∈ Rα, let Y (x) = {ϕ(y) : y ∈ x}. Notice that

rank(Y (x)) = sup {rank(ϕ(y)) + 1: y ∈ x↓}(∗)
= sup {γ(β) + 1: β < α} ≤ γ(α).
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Because the conclusions of our claim hold forXc at γ(α), we may choose

ϕ(x) ∈ Xγ(α)
c such that

(†) ϕ(x)↓ ∩Vrank(Y (x)) ∩Xc = Y (x).

This defines a function ϕ : Vλ → Xc. Let W = ϕ[Vλ] be the image
of this function. W is clearly monochromatic, so it remains show ϕ :
〈Vλ,∈〉 → 〈W,∈〉 is an isomorphism.

If y ∈ x, then ϕ(y) ∈ ϕ(x) by (†). If y /∈ x, we have two cases:
Case 1: If rank(x) ≤ rank(y), then rank(ϕ(x)) = γ(rank(x)) ≤

γ(rank(y)) = rank(ϕ(y)), so ϕ(y) /∈ ϕ(x).
Case 2: If rank(y) < rank(x) = α, then

rank(ϕ(y)) = γ(rank(y)) < sup {γ(β) + 1: β < α} = rank(Y (x)),

where the final equality follows from (∗). Since ϕ(y) ∈ Xc, it now
follows from (†) that ϕ(y) /∈ ϕ(x).

Thus y ∈ x if and only if ϕ(y) ∈ ϕ(x). As in the proof of Theo-
rem 2.1, if ϕ(x) = ϕ(z) then

y ∈ x ⇔ ϕ(y) ∈ ϕ(x) ⇔ ϕ(y) ∈ ϕ(z) ⇔ y ∈ z
which implies x = z by the Axiom of Extensionality. This concludes
the proof that ϕ is an embedding. �

Before we can state the third theorem of this section, we will need
a few definitions and a lemma, all taken from the work of Hamkins in
[8].

Fix a linear order (L,≤). An L-graded digraph is a directed graph
G together with a grading function γ : G → L such that γ(v) < γ(w)
whenever v → w. A self-contained study of such graphs is [8], from
which we take our notation and terminology. An L-graded digraph G
with grading function γ has the finite-pattern property if for any finite
disjoint A,B,D ⊆ G and any α ∈ L, if max γ[A] < α < min γ[B],
there is some x ∈ G with γ(x) = α such that a → x → b for every
a ∈ A and b ∈ B, and for every d ∈ D we have x 6→ d and d 6→ x.

Proposition 2.8. For every countable linear order L, there is a unique
(up to isomorphism) countable L-graded digraph GL with the finite pat-
tern property.

Proof sketch. There are several different ways to construct this graph;
see Theorems 6, 13, and 15 of [8] for details. One construction that is
particularly easy to describe is as follows. Take the set L × ω as the
set of vertices for GL, and then, for every a, b ∈ L with a < b, one
flips a coin to determine whether (a, n) → (b,m). This graph is L-
graded by the function (a, n) 7→ a, and, with probability 1, it has the
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finite-pattern property. A standard back-and-forth argument shows
that any two L-graded digraphs with the finite-pattern property are
isomorphic. �

For a given linear order L, the graph GL described in the previ-
ous proposition is called the countable random L-graded digraph. In
the following theorem, the grading function will provide the notion of
boundedness we need to obtain a proof similar to that of Theorems 2.1
and 2.7.

For any linear order 〈L,≤〉, we say that L is indivisible whenever the
directed graph 〈L,<〉 is indivisible.

Theorem 2.9.

(1) If L is indivisible then GL is indivisible.
(2) If L is well-founded, then L is indivisible if and only if GL is

indivisible if and only if L is isomorphic to an indecomposable
ordinal.

Proof. Let L be an indivisible linear order, GL the countable random
L-graded digraph, and γ : GL → L its grading function. Fix a finite
coloring χ : GL → C, and let Xc = χ−1(c) for each c ∈ C. To prove the
first assertion of the theorem, it suffices by Proposition 2.8 to show that
for some c there is some H ⊆ Xc such that H has the finite-pattern
property.

For a given α ∈ L and i < n, we say that Xc has the finite pat-
ter property at α, or the α-FPP for short, if for any finite disjoint
A,B,D ⊆ Xc, if max γ[A] < α < min γ[B], there is some x ∈ Xc with
γ(x) = α such that a → x → b for every a ∈ A and b ∈ B, and for
every d ∈ D we have x 6→ d and d 6→ x.

Claim. For every α ∈ L, there is some c ∈ C such that Xc has the
α-FPP.

Proof of claim. Fix α ∈ L, and suppose that no Xc has the α-FPP.
For every c ∈ C, there is some triple Ac, Bc, Dc of finite subsets of Xc

such that max γ[Ac] < α < min γ[Bc], Dc is disjoint from both Ac and
Bc, and there is no x ∈ Xc with γ(x) = α such that a → x → b for
every a ∈ Ac and b ∈ Bc, and for every d ∈ Dc we have x 6→ c and
c 6→ x. We say that (Ac, Bc, Dc) witnesses the failure of the α-FPP
for Xc. Let A =

⋃
c∈C Ac, B =

⋃
c∈C Bc, and D =

⋃
c∈C Dc. Clearly,

max γ[A] < α < min γ[B]. If c = c′ then Ac ∩Dc′ = ∅ by assumption,
and if c 6= c′ then Ac ∩ Dc′ ⊆ Xc ∩ Xc′ = ∅. Thus A ∩ D = ∅, and a
similar argument shows that B∩D = ∅. Since GL has the finite-pattern
property, there is some x ∈ GL with γ(x) = α such that a→ x→ b for
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every a ∈ A and b ∈ B, and for every d ∈ D we have x 6→ d and d 6→ x.
If x ∈ Xc, then x shows that (Ac, Bc, Dc) does not witness the failure of
the α-FPP for Xc. Since x ∈ Xc for some c, this is a contradiction. �

For each c, let Zc = {α ∈ L : Xc has the α-FPP}. Because L is
indivisible, there is some c ∈ C and some Y ⊆ Zc such that Y is
order-isomorphic to L. Fix an order isomorphism ϕ : Y → L and let
H = γ−1(Y ). H is an L-graded digraph, with ϕ ◦ γ providing the
grading function. Furthermore, our choice of H makes it clear that H
has the finite-pattern property. Therefore H is isomorphic to GL by
Proposition 2.8. This proves the (1).

For the (2), suppose L is well-founded. Every well-founded linear
order is isomorphic to an ordinal, so we may assume 〈L,<〉 = 〈α,∈〉
for some ordinal α. It is easy to show that the rank function of G〈α,∈〉
has image α (in fact, the rank function is a grading function). This
property is invariant under graph isomorphism.

Suppose now that 〈α,∈〉 is not indivisible: i.e., α is not indecom-
posable. Fix a finite coloring χ : α → C with no monochromatic sets
of order type α. Notice that χ ◦ rank : G〈α,∈〉 → C is a finite color-
ing of G〈α,∈〉, and if X ⊆ G〈α,∈〉 is monochromatic with respect to this
coloring then {rankX(x) : x ∈ X} has order type smaller than α. In
particular, the rank of X will be less than α, which implies that X is
not isomorphic to G〈α,∈〉. �

Corollary 2.10. Every countable model of KP is indivisible.

Proof. Let M be a countable model of KP and let L = OrdM . Hamkins
proves in [8] that M is a sibling of GL. Therefore M is indivisible if and
only if GL is. By Theorem 2.9, it suffices to show that L is indivisible.

If M is a standard model, then we may assume M is transitive,
in which case OrdM is an indecomposable countable ordinal, hence
indivisible. If M is a non-standard model, then it follows from results
in [7] that L contains a copy of Q. Every countable linear order embeds
in Q, so L is a sibling of Q. Since Q is indivisible, this makes L
indivisible. �

Question 2.11. Is it consistent to have a (necessarily uncountable)
model of ZFC that is not indivisible?

Let Inf denote the Axiom of Infinity and TC the assertion that every
set has a transitive closure. Then HF = ZFC− Inf + ¬Inf + TC. The
axioms HF are satisfied by 〈Vω,∈〉 and, intuitively, should be satisfied
by the class of hereditarily finite sets in any model. Kaye and Wong
show in [9] that the natural numbers of any model of HF are a model
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for Peano Arithmetic, and conversely that any model for Peano Arith-
metic gives rise (via the Ackermann coding) to a model for HF. Thus
the models of HF can be thought of as the hereditarily finite sets as
described by various models of PA.

Corollary 2.12. Every countable model of HF is indivisible.

Proof. Main Theorem 3 in [8] states that if M is any non-standard
model for HF then 〈M,∈M〉 is universal for all countable acyclic di-
graphs. Lemma 4 of the same paper shows that every acyclic digraph
can be graded. Taken together, these imply that 〈M,∈M〉 is a sibling of
GQ, since the latter is also universal for all countable acyclic digraphs
(Theorem 6 of [8]). GQ is indivisible by Theorem 2.9, so 〈M,∈M〉 is
indivisible as well. �

3. Orientations of the Rado graph

For a cardinal κ, let us say that an undirected graph 〈V,E〉 has the
κ-pattern property if for every A,B ⊆ G with |A| , |B| < κ, there is
some v ∈ V such that {a, v} ∈ E for every a ∈ A and {b, v} /∈ E for
every b ∈ B. When κ = ℵ0, we will call this the finite pattern property
(this can be expressed with the model-theoretic notion of saturation,
but we prefer to extend the terminology of the previous section).

Up to isomorphism, there is a unique countable graph with the finite
pattern property, namely the Rado graph (sometimes also called the
Erdős-Rényi graph or random graph). More generally, if κ = κ<κ

then there is a unique (up to isomorphism) size-κ graph with the κ-
pattern property. The uniqueness part of this assertion is proved by
a standard back-and-forth argument. Existence is typically proved by
transfinite recursion, but an alternative simple proof is given in the
next proposition.

Let us write x 3∈ y if x ∈ y or y ∈ x. 〈X,3∈〉 is the undirected
graph obtained by forgetting the directions of the edges in 〈X,∈〉.

Proposition 3.1. Let κ be an infinite cardinal, and suppose X has the
following property: if Y ⊆ X and |Y | < κ, then Y ∈ X. Then 〈X,3∈〉
has the κ-pattern property.

Proof. Fix Y, Z ⊆ X with |Y | , |Z| < κ and Y ∩Z = ∅. Let W = Z ∪Y
and let w be an element of X with w↓= W (there may be more than
one, since we are not assuming X is transitive). Let x be an element of
X with x↓= Y ∪ {w}. Clearly x 3∈ y for every y ∈ Y . If z ∈ Z, then
we cannot have x ∈ z because rank(x) > rank(Z) > rank(z). Similarly,
rank(z) < rank(w), so z 6= w. Since z 6= w and Y ∩ Z = ∅, z /∈ x. �
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Corollary 3.2. If κ = κ<κ, then 〈Hκ,3∈〉 is the unique κ-sized graph
with the κ-pattern property.

Proof. Hκ satisfies the hypotheses of Proposition 3.1. �

Corollary 3.3. If M is a countable transitive model of KP or of HF,
then 〈M,∈〉 is a well-founded orientation of the Rado graph.

Proof. This is immediate from Proposition 3.1. �

Theorem 3.4. Up to isomorphism, there are 2ℵ0 indivisible well-founded
orientations of the Rado graph. Up to siblinghood, there are at least ℵ1
such orientations.

Proof. For both assertions, it suffices to consider the countable transi-
tive models of KP. There are ℵ1 possibilities for OrdM , and OrdM is
the rank of M . It is easy to see that the rank of a well-founded di-
graph is invariant up to siblinghood, so our second assertion is proved.
For the first assertion, first note that a simple counting argument tells
us there are at most 2ℵ0 orientations of the Rado graph. Then note
that there are 2ℵ0 different countable standard models of KP up to
isomorphism. �

Theorem 3.4 raises the following question:

Question 3.5. Are the sibling-classes of indivisible well-founded ori-
entations of the Rado graph well ordered by embedability?

Our last theorem (in the special case when κ = ω) constitutes some
partial progress on this question. Whether or not the graphs of this
kind are well ordered by embedability, we show that there is a minimal
one (up to siblinghood), namely 〈Vω,∈〉.

Theorem 3.6. Suppose κ<κ = κ, and let Rκ = 〈Hκ,3∈〉 denote the
unique graph on κ vertices with the κ-pattern property. Let 〈G,→〉 be
a well-founded orientation of Rκ. The following are equivalent:

(1) G embeds in 〈Hκ,∈〉.
(2) G is a sibling of 〈Hκ,∈〉.
(3) G embeds in every well-founded orientation of Rκ.
(4) for every vertex v of G, |v↓ | < κ.

Proof. It is immediate that (2) ⇒ (1), (3) ⇒ (1), and (1) ⇒ (4). We
will (N) first prove (4)⇒ (1). We will then prove that 〈Hκ,∈〉 embeds in
every well-founded orientation of Rκ; this shows that (1)⇒ (2)⇒ (3),
which completes the proof. Note that κ<κ = κ implies that κ is regular,
a fact we will use several times in what follows.
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Suppose (4) holds for 〈G,→〉. We will construct an embedding ϕ
from 〈G,→〉 into 〈Hκ,∈〉. To facilitate the construction, we first need
to prove:

Claim. There is an enumeration {vα : α ∈ κ} of the vertices of G such
that vα → vβ implies α < β.

Proof of claim. Fix any well-order ≺ of the vertices of G. Define the
sequence 〈vα : α < κ〉 by transfinite recursion as follows: at stage α,
let vα be the ≺-first vertex v not yet listed with the property that
every member of v ↓ has been listed already. This recursion produces
a sequence that certainly satisfies the desired property, but we need to
check that the sequence enumerates all vertices of G. Suppose this is
not the case. Let A be the collection of vertices of minimal rank in G
not among the vα, and let v be the ≺-minimal element of A. Let

S = {w ∈ V (G) : w ≺ v or w → v} ∩ {vα : α < γ ≤ κ} .

By the regularity of κ, there is some (minimal) α < κ such that S ⊆
{vβ : β < α}. Recalling that v↓⊆ S by our choice of v, we should then
have v = vα, a contradiction. �

We now construct the embedding. To begin, let ϕ(v0) = {1}. As-
suming ϕ(vβ) has been defined already for every β < α, let ϕ(vα) be
the unique element of Hκ such that

ϕ(vα)↓= {ϕ(w) : w → v} ∪ {{α + 1}}.

This is well-defined by the choice of our enumeration of G. It is not
difficult to see that ϕ(vα) ∈ Hκ for all α: if α were the least ordinal
where this fails, we could obtain a contradiction from the definition of
ϕ(vα) and the regularity of κ. It is also not difficult to see that if α 6= β,
then ϕ(xα) 6= {β + 1}. From this and our definition of ϕ(vα) it follows
that {α+ 1} ∈ ϕ(v) if and only if v = vα. Therefore ϕ is injective, and
ϕ(w) ∈ ϕ(v) if and only if w → v. Thus we have the desired embedding
from 〈G,→〉 into 〈Hκ,∈〉, completing the proof that (4) implies (1).

It remains to show that 〈Hκ,∈〉 embeds in every well-founded ori-
entation of Rκ. Suppose that this is false, and let 〈K,→〉 be a well-
founded orientation of Rκ that does not contain a copy of 〈Hκ,∈〉, and
such that the rank of 〈K,→〉 is minimal among all such graphs.

Claim. Rκ has the following strong version of the pigeonhole property:
if the vertices of Rκ are partitioned into fewer than κ sets, say V (Rκ) =⋃
α<λCα, for some λ < κ, then there is some partition piece Cα such

that the induced subgraph on Cα is isomorphic to Rκ.
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Proof of claim. Suppose this is not the case, and let V (Rκ) =
⋃
α<λCα

be a partition of the vertices of Rκ witnessing that this is not the case.
Since Rκ is the unique κ-sized graph with the κ-pattern property, for
each α there are disjoint sets Aα, Bα ⊆ Cα such that there is no v ∈ Cα
with {a, v} an edge for all a ∈ Aα and {b, v} not an edge for any
b ∈ Bα. Let A =

⋃
α<λAα and B =

⋃
α<λBα. Since κ is regular, A

and B both have size less than κ; also, A and B are disjoint. Therefore,
by the κ-pattern property in Rκ, there is some vertex v of Rκ with the
property that {a, v} is an edge for all a ∈ A and {b, v} not an edge for
any b ∈ B. But v ∈ Cα for some α, and this contradicts our choice of
Aα and Bα. �

Claim. The rank of 〈K,→〉 is a limit ordinal with cofinality κ.

Proof of claim. First we show that rank(K) is a limit ordinal. If not,
then K has vertices of maximal rank; let M be the set of all such ver-
tices. Since 〈M,→〉 is a digraph with no edges, it is not an orientation
of Rκ. By the previous claim, 〈K \M,→〉 is an orientation of the Rado
graph. The rank of this graph is one less than the rank of 〈K,→〉,
it is still well-founded, and it still contains no copy of 〈Hκ,∈〉. This
contradicts our minimality assumption about the rank of K.

Now we show that cf(rank(K)) = κ. Since |K| = κ, cf(rank(K)) ≤
κ. Suppose cf(rank(K)) = λ < κ, and let 〈αξ : ξ < λ〉 be an unbounded
sequence in rank(K), with α0 = 0. For each ξ < λ, let Cξ denote the set
of all v ∈ K with αξ ≤ rank(v) < αξ+1. The Cξ form a partition of the
vertices ofK into fewer than κ pieces. SinceK was an orientation ofRκ,
it follows from the previous claim that some Cξ is also an orientation of
Rκ. Notice also that 〈Hκ,∈〉 does not embed in any of the Cξ, because
if it did then it would also embed in K. However, the rank of Cξ is at
most αξ < cf(rank(K)), so this contradicts our minimality assumption
about the rank of K. �

The next claim gives us a directed version of the κ-pattern property
in K:

Claim. Let A, B be subsets of K with |A|, |B| < κ. There is some
vertex v of K such that a → v for every a ∈ A, and if b ∈ B then
b 6→ v and v 6→ b. Moreover, if γ < rank(K), we may find such a
vertex v with rank(v) > γ.

Proof of claim. Let S be the set of all v ∈ K such that for every a ∈ A
either a → v or v → a, and for every b ∈ B neither b → v nor v → b.
In other words, S is the set of all vertices that satisfy the (undirected)
κ-pattern property for A and B. We note that 〈S,→〉 is an orientation
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of Rκ. This follows from our second claim (the generalized pigeonhole
property), because 〈K \ S,→〉 is not an orientation of Rκ (because it
does not satisfy the κ-pattern property for A and B). As with every
subgraph of 〈K,→〉, 〈S,→〉 is well-founded and contains no copy of
〈Hκ,∈〉. Since 〈K,→〉 has minimal rank among all such graphs, we
must have rank(〈S,→〉) = rank(〈K,→〉). In particular, S contains
elements of K with arbitrarily high rank. Since A is has size less
than κ, the previous claim implies that there is some v ∈ S with
rank(v) > rank(a) for every a ∈ A, and also rank(v) > γ. This vertex
satisfies the conclusions of our claim. �

Using the previous claim, we will construct an embedding ϕ : Hκ →
K by recursion, thereby contradicting our choice of K and finishing
the proof of the theorem. As in our proof that (4)⇒ (1), we may fix a
well-ordering 〈xα : α < κ〉 of Hκ with the property that if xα ∈ xβ then
α < β. Let ϕ(x0) be arbitrary. Assuming that ϕ has been defined for
all xβ, β < α define ϕ(xα) to be some element of K such that

(1) for all β < α, ϕ(xβ)→ ϕ(xα) if and only if xβ ∈ xα.
(2) rank(xα) > sup {rank(xβ) : β < α}.

Some such element of K must exist by the previous claim.
It is clear that the function ϕ constructed in this way is injective and

satisfies ϕ(y) ∈ ϕ(x) if and only if y ∈ x; i.e., ϕ is an embedding. �
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