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Abstract. We show that it is consistent with ZFC that every
infinite compact group has a non-Haar-measurable subgroup. We
show that the same is also true for subgroups without the property
of Baire.

1. The big question

Every compact group admits a unique translation-invariant proba-
bility measure, namely its (normalized) Haar measure. In this note we
discuss the question of whether every infinite compact group has a non-
Haar-measurable subgroup, henceforth referred to as the big question.
Our main result is that it is consistent with ZFC that the answer to
the big question is yes.

The big question goes back at least as far as the early 1960’s: in
1963, Hewitt and Ross gave a positive answer for compact Abelian
groups (see 16.13 in [7]). Their result was later improved by Com-
fort, Raczkowski, and Trigos-Arrieta in [4] by showing that a compact
Abelian group G has precisely 2|G| non-measurable subgroups. The
question was explored further in [11], and a more thorough analysis
of non-measurable subgroups of the real line was given in [10]. Partial
progress on the non-commutative case was made in [5], and a good deal
of further progress was made in [6].

With the exception of Karazishvili’s paper [10], these results have all
been accomplished using the following lemma:

Lemma 1.1. Let G be a compact group.

(1) If a subgroup of G has index ℵ0, then it is non-measurable.
(2) If a subgroup of G has finite index but is not closed, then it is

non-measurable.

Proof. The first assertion is an immediate consequence of the transla-
tion invariance and countable additivity of Haar measure. The second
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assertion is a corollary of the Steinhaus-Weil Theorem. Proofs can be
found in [3] (Theorem 4.6) or in [6] (Proposition 1.1(b)). �

These two lemmas encourage one to attack the big question by hunt-
ing for subgroups of countable index. This tactic has been largely suc-
cessful, and in [6] it is used to solve the big question for all but a certain
class of metric profinite groups. However, this last remaining case can-
not be solved simply by finding countable index subgroups, because
some groups in this class do not have non-closed subgroups of count-
able index (see the comments following Lemma 1.1 in [6]). Therefore a
new construction for finding non-measurable subgroups will be needed
before the big question can be put to rest.

In addition to the big question, we also consider the analogous ques-
tion for category: Does every infinite compact group have a subgroup
lacking the property of Baire? This question seems not to have nearly
as much literature surrounding it, but, at least at this point, all of the
known results for the big question carry over nicely to this question
as well. This is because the two lemmas above apply equally well for
category as for measure:

Proposition 1.2. Let G be a compact group.

(1) If a subgroup of G has index ℵ0, then it lacks the property of
Baire.

(2) If a subgroup of G has finite index but is not closed, then it lacks
the property of Baire.

Proof. A countable-index subgroup of G cannot be meager, because if
it were then all of its cosets would also be meager, and G would be a
union of countably many meager sets, contradicting the Baire Category
Theorem. The result now follows from Exercise 9.11 in [9], which states
that if G is any topological group and H is a subgroup which is neither
clopen nor meager, then H lacks the property of Baire. �

Our main result is that it is consistent with ZFC that every infinite
compact group has a subgroup that both is non-measurable and lacks
the property of Baire.

2. The main theorem

The proof of our main theorem requires a few “lemmas” taken from
the literature, each of which is an important theorem in its own right.

Lemma 2.1 (Hernández, Hofmann, and Morris, [6]). If G is an
infinite compact group other than a metric profinite group, then G has a
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non-closed subgroup of countable index. Hence G has a nonmeasurable
subgroup that lacks the property of Baire.

Lemma 2.2. Every infinite, metric, profinite group is, as a topological
space, homeomorphic to 2ω.

Proof. This result is due to Ivanovskĭı and Kuz’minov (and to Vilenkin
for Abelian groups); for a proof, see Theorem 10.40 in [8]. �

For the statement of the next lemma, define two measures µ and ν on
a set X to be isomorphic if there is a bijection ϕ : X → X such that, for
every Y ⊆ X, Y is µ-measurable if and only if ϕ(Y ) is ν-measurable,
and if this is the case then µ(Y ) = ν(ϕ(Y )). By the Lebesgue measure
on 2ω we mean the unique probability measure generated by giving the
set {f ∈ 2ω : f(n) = 0} measure 1

2
for each n.

Lemma 2.3. The (normalized) Haar measure for any group structure
on 2ω is isomorphic to the Lebesgue measure.

Proof. This follows from Theorem 17.41 in [9] together with the fact
that the Haar measure for any group structure on 2ω is continuous. A
more constructive proof is given in [2]. �

Lemma 2.4. There is a model of ZFC in which the following holds:
there is a subset X of 2ω such that X is not Lebesgue measurable, X
lacks the property of Baire, and |X| < 2ℵ0.

Proof. This result is well-known (at least among set theorists). Note
that it suffices to have a non-measurable Y with |Y | < 2ℵ0 and a set Z
lacking the property of Baire with |Z| < 2ℵ0 , since then we may take
X = Y ∪ Z. Such sets exist, for example, in the Sacks model and in
the Miller model (see [1] for more detail). �

We can now piece these results together to prove our main theorem:

Theorem 2.5. It is consistent with ZFC that every infinite compact
group has a non-measurable subgroup lacking the property of Baire.

Proof. Let G be a compact group. By Lemma 2.1 and Lemma 2.2, we
may assume that G, considered as a topological space, is homeomor-
phic to 2ω. By Lemma 2.3, we may assume that the measure on G is
Lebesgue measure (provided we do not use the translation invariance
property that is specific to Haar measure). By Lemma 2.4, it is con-
sistent with ZFC that there is a nonmeasurable subset X of 2ω lacking
the property of Baire, with |X| < 2ℵ0 . Suppose some such X exists,
and let H = 〈X〉 be the subgroup of G generated by X. Note that
|H| = |X| · ℵ0 = |X| < 2ℵ0 .



4 W. R. BRIAN AND M. W. MISLOVE

H cannot have measure 0, because then every subset of H, including
X, would have measure 0. Every positive-measure subset of 2ω has size
2ℵ0 > |X|, so H is nonmeasurable.
H cannot be meager, because then every subset of H, including X,

would also be meager. Every non-meager set with the property of Baire
has size 2ℵ0 > |X|, so H lacks the property of Baire. �
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